Abstract. The paper deals with generalizing several theorems of the covering dimension theory to the extension theory of separable metrizable spaces. Here are some of the main results: Generalized Eilenberg-Borsuk Theorem. Let L be a countable CW complex. If X is a separable metrizable space and K * L is an absolute extensor of X for some CW complex K, then for any map f : 
Introduction
Recall that the cohomological dimension dim G X is the smallest integer n such thatȞ n+1 (X, A; G) = 0 for all closed subsets A of X. Ever since the introduction of the cohomological dimension by P.S.Alexandroff [A] , it was clear that there is a similarity between dimension and cohomological dimension. However, until recently, the dimension was investigated using mostly settheoretic methods, and the cohomological dimension was investigated using mostly algebraic methods. Let us recall the basic results of the covering dimension theory [En] : e. Conjecture 1.22 by W. Olszewski [Ol 2 ]. See also related work by M.Zarichnyi [Z] . Not only do the results of Extension Theory have simpler proofs than their predecessors in cohomological dimension theory; they give an explanation of certain phenomena in cohomological dimension theory and, sometimes, are more general than expected. Let us demonstrate this in the case of Dranishnikov's [Dra 2 ] result: Theorem 1.24. Suppose X is a compactum and K, L are countable CW complexes. If K * L ∈ AE(X), then there are subsets A, B of X such that X = A ∪ B, K ∈ AE (A) , and L ∈ AE(B).
He applied it successfully to the Mapping Intersection Problem in codimensions different from two. It turns out that Theorem 1.24 also implies Dranishnikov's Realization Theorem [Dra 1 ] which gives necessary and sufficient conditions for existence of compacta with prescribed values of cohomological dimension for each basic group. In the process of proving Theorem 1.24, Dranishnikov generalized a useful result from classical dimension theory: Theorem 1.25 (Eilenberg-Borsuk [Ei] , [Bor] ). If X is a separable metrizable space of dimension n, then for any map f : A → S k , A closed in X and k < n, there is an extension f : U → K of f over an open set U such that dim(X − U ) ≤ n− k − 1.
Here is that generalization:
Theorem 1.26 (A.Dranishnikov [Dra 2 ]). Let K, L be countable CW complexes. If X is a compactum and K * L is an absolute extensor of X, then for any map f : A → K, A closed in X, there is an extension f : U → K of f over an open set U such that L ∈ AE(X − U ).
The purpose of this paper is to extend results of the Extension Theory of compacta to separable metrizable spaces, to generalize some results of dimension theory, and to provide a partial answer to Conjecture 1.21. In particular, we will generalize the following well-known result: Theorem 1.27 ([En] , p. 41). If X is a separable metrizable space of finite dimension dimX = n, then for all k < n there is a closed subset Y of X of dimension k.
One may say that instead of studying extension types as in [Dra 7 ], we are trying to see if, given K ∈ AE(X), L ∈ AE(Y ), and given a binary operation R(·, ·) on metrizable spaces (for example, R(X, Y ) = X ∪ Y or R(X, Y ) = X × Y ), one can match R with a binary operation S on CW complexes so that S(K, L) ∈ AE(R(X, Y )).
When translating results from Extension Theory to Cohomological Dimension Theory we find that the following theorem is of fundamental importance: Theorem 1.28. Suppose X is a metrizable space and K is a connected CW complex. Consider the following conditions:
1. K ∈ AE(X). [D-T] ). 3. dim Hm(K;Z) X ≤ m for all m ≥ 0. 4. dim πm(K; Z) X ≤ m for all m ≥ 0.
SP ∞ (K) ∈ AE(X) (SP ∞ (K) is the infinite symmetric product of K-see

Then, Condition 1) implies Condition 2). If K is simply connected, then Conditions 2-3-4 are equivalent. If X is of finite dimension and K is simply connected, then Conditions 1-2-3-4 are equivalent.
For X compact, Theorem 1.28 is due to A.Dranishnikov [Dra 3 ]. Subsequently, it has been generalized to metrizable spaces by J. Dydak 
Preliminary results
We need the following improvement of Tietze Extension Theorem: Proof. Choose a decreasing sequence of open neighborhoods U n of f −1 (0) in X whose intersection is f −1 (0). Choose a decreasing sequence of open neighborhoods
In most of the results of this paper, K, L are CW complexes. Occasionally, however, we will switch to simplicial complexes with the metric topology K m . Obviously, K equipped with the CW topology contains more open sets, and therefore it is easier to construct maps into K m rather than into K. On the other hand, given a map into a CW complex, one can take advantage of restrictions it imposes on the map (see Parts 6-7 of Lemma 2.1 below) and get more elegant proofs of some results. From the homotopy point of view there is no difference between K m and K, and the purpose of the following lemma is to put together various results scattered throughout the literature; results which support this claim. 
Proof. 1. If K is a CW complex, see [Ko] . is not contained in a finite subcomplex of K for any neighborhood V of x in X. For each n choose, by induction, x n so that 0 < dist(x, x n ) < 1/n and f (x n ) does not belong to the smallest subcomplex of K containing f (x) and all f (x k ), k < n. The set S = {f (x n )} n>0 is a closed subset of K, which contradicts continuity of f .
7. Each x ∈ X has a neighborhood V such that f (V ) is contained in a finite subcomplex of K. Now, X can be covered by a countable family of
Notice that K * L is homeomorphic to the union M (π 1 )∪M (π 2 ) of mapping cylinders of projections
Also, it is clear that this definition can be used to define the join of any two topological spaces. Notice that there are canonical projections π : 
Thus, the simplicial join is related to the abstract join. As in the case of the abstract join, there are canonical projections
t is unique, and we put π(x) = t. u is unique if x / ∈ L, and we put π K (x) = u. Similarly, v is unique if x / ∈ K, and we put π L (x) = v.
The following lemma is crucial in all constructions involving maps to joins of metric simplicial complexes. 
, one defines f as follows:
The map f defined as above will be denoted by g * α h.
Proof. The only thing we need to verify is that f |U ∪ V is continuous. Notice that each point x of a simplicial complex M can be uniquely written as Without loss of generality we may assume that v ∈ K (0) . Then, 
Proof. Extend f up to homotopy to f : V → K, and extend g up to homotopy to g : W → L for some neighborhood V of A in Y and some neighborhood W of B in Y (see Part 3 of Lemma 2.1). Choose a map α : 
Theorem 2.7. Let K, L be CW complexes, and let X be a metrizable space. If, for any map f :
Proof. Since, by Part 2 of Lemma 2.1, being an absolute extensor is a property of the homotopy type, we may assume that both K and L are metric simplicial complexes. Suppose C is a closed subset of X, and 
Main results
The following result is fundamental to section 3 of the paper. We arrived at it after analyzing Olszewski's paper [Ol 1 ], and we believe it offers a significant simplification of his proof (see Theorem 3.6 in the present paper). To simplify its formulation we need the concept of a ∪∩-closed basis: 
To prove 3.2 it suffices to show that any map g : A → K extends over X up to homotopy if A is a closed subset of X. Since any map g : A → K extends up to homotopy over a neighborhood of A in Q (see Part 3 of Lemma 2.1), we need to show that given a closed subset A of X, and given a map g : V → K, V being a neighborhood of A in Q, the map g|A extends over X. We will construct by induction the following objects:
i. a decreasing sequence A n ∈ C, ii. increasing sequences B n ∈ C and D n ∈ C, iii. elements (g n , S n , A n ∩ B n ) ∈ G, such that the following conditions are satisfied:
Notice that for any closed subset B of Q, the family {D ∈ C| B ⊂ Int D} is a basis of neighborhoods of B. Therefore, there is a sequence
Consider the family of all triples (f,
This family satisfies the conditions of Theorem 3.2, which implies K ∈ AE(X).
In order to apply Theorem 3.2 we need the following construction: Next, given a countable family
Define families F n and subcomplexes K n , n ≥ 1, by induction as follows:
K n satisfy the desired conditions.
The following theorem is useful when applying results of this paper to arbitrary, not necessarily countable, CW complexes. Proof. Assume X is a subset of the Hilbert cube Q. Let C be a countable family of closed subsets of the Hilbert cube Q which is a ∪∩-closed basis (see 3.1). Let M 1 = L and let U 1 consist of a single triple (c, Q, ∅), where c : Q → M 1 is a constant map. Suppose M n is a countable subcomplex of K, and U n is a countable set of triples (f, U, D), where U is an open set in Q containing X, D ∈ C, and f : U ∪ D → M n is a map. We create (using Lemma 3.4) a new countable family U as the union of all Exp(f, X, M n , K), (f, U, D) ∈ U n . Now, as in 3.4, we find a countable subcomplex M n+1 of K containing M n and containing K(f ) for any (f, U, D) ∈ U . Define U n+1 by U n+1 = U ∪ U n . By Theorem 3.2 (more details below), the intersection 
Proof. Assume X is a subset of the Hilbert cube Q. Let C be a countable family of closed subsets of the Hilbert cube Q which is a ∪∩-closed basis (see 3.1). Let U 1 consist of a single triple (c, Q, ∅), where c : Q → K is a constant map. Suppose U n is a countable set of triples (f, U, D), where U is an open set in Q containing X, D ∈ C, and f : U ∪D → K is a map. We create (using Lemma 3.4) a new countable family U n+1 as the union of all
Theorem 3.7 (Generalized Eilenberg-Borsuk Theorem). Let L be a countable CW complex. If X is a separable metrizable space and K * L is an absolute extensor of X for some CW complex K, then for any map r :
Since, by Part 2 of Lemma 2.1, being an absolute extensor is a property of the homotopy type, we may assume that both K and L are metric simplicial complexes. Let C = {C i } i≥1 be a countable family of closed subsets of the Hilbert cube Q which is a ∪∩-closed basis. Suppose A is a closed subset of X, and r : A → K is a map. Extend r over a closed neighborhood N 1 of A in X and let f 1 : N 1 → K be an extension of r. Put M 1 = X − Int X N 1 , and let g 1 : M 1 → L be a constant map.
Suppose we have a finite sequence of maps f i :
Consider the set of all 5-tuples (i, j, k, r, m) , i ≤ n, so that there is no p > k with
Among all those 5-tuples choose one minimizing the sum i
Using the above construction we create a countable family of triples
which implies that f extends over U .
Theorem 3.8. Let K, L be countable CW complexes. If X is a separable metrizable space, and K * L is an absolute extensor of X, then there is a subset Y of X such that K ∈ AE(Y ) and L ∈ AE(X − Y ).
Proof. Let C be a countable family of closed subsets of the Hilbert cube Q which is a ∪∩-closed basis. Let U 1 consist of a single triple (f, X, Q), where f is a constant map from Q to K. Given a countable family of triples
and L ∈ AE(X − U ), we create a new countable family U = {(f , U , D )} of triples with the property that, given any B, C, D ∈ C, B ∩ C = ∅ and given any
g : (U ∩ B) ∪ D ∪ C → K such that g|(U ∩ B) ∪ D = f |(U ∩ B) ∪ D, then there is (f , U , D ∪ C) ∈ U so that U ⊂ U , f |(U ∩ B) ∪ D g|(U ∩ B) ∪ D,
and L ∈ AE(X − U ). This is done as in Lemma 3.4 with the help of the following observation: if g : (U ∩ B) ∪ D ∪ C → K is a map, then we extend it first to
can be used as in 3.4 to add a new element to U . Notice that L ∈ AE(X − U ). Indeed, U − U can be expressed as a countable union of closed sets in X. Since X − U = (X − U ) ∪ (U − U ), we are done.
Define U n for n > 1 by U n = U n−1 . The intersection Y of the domains of all maps
The following result is related to Theorem 2.7:
Theorem 3.9. Let K, L be countable CW complexes and let X be a separable metrizable space. If for any map f :
Proof. As in the proof of 3.8, we can find
Theorem 3.10. Let X be a separable metrizable space, and let
On the other hand, S 0 * (
which implies, by Theorem 3.7, that there is an extension F :
U − U as the union of countably many closed sets Y U,i in X. There is k such that 
Applications to cohomological dimension theory
Proof. It suffices to consider the case k = 1. Choose a closed subset A of X of dimension 1 (apply Theorem 3.10 or use Theorem 1.27). Let 
Proof. By the Bockstein Theorem [Ku] , for each abelian group G there is a countable abelian group H such that dim G X = dim H X for all compacta X. Now, use Theorem 4.1. 
for any abelian group G.
Proof. It suffices to consider compact X only. By the Bockstein Theorem [Ku] there is a sequence BG = {B 1 , . . . , B n , . . . } of countable abelian groups such that for each abelian group G there is a subset σ(G) of BG with the property that
Theorem 4.5. Suppose G is a countable ring with unity, k is an integer, and X is a separable metrizable space of finite dimension. Then, dim G X ≤ n, where n ≥ 2, if and only if any map f :
are trivial in the range from 0 to n − 1, and are G-modules starting from n. Therefore,
Theorem 4.6. Suppose G is an abelian group, and X is a separable metrizable space with dim G X < ∞. Then, for any countable subgroup (1) so that G v(1) = G , and let N 1 = {v(1)}. Using induction, we can construct an increasing sequence N i of countable subcomplexes of N , and an increasing sequence L i of countable subcomplexes of L such that the following conditions are satisfied:
In the following two results H k (X; G) stands for the k-th reduced Steenrod homology group of X if X is compact, and stands for the k-th reduced SteenrodSitnikov homology group of X if X is not compact. (See [Mas] for the properties of Steenrod homology groups.)
The purpose of Theorem 4.7 is to expose difficulties one has to face when generalizing results of the cohomological dimension theory of compacta to separable, metrizable spaces. It was shown by Dranishnikov, Repovš, andŠčepin [D-R- 
where D is a maximal divisible subgroup (a direct sum of copies of rationals) of (G/ Tor G) ⊗ Z (p) . Notice that H = 0, and
(Propositions 1.3-1.5) one gets that, for every pair of closed subsets B ⊂ A of X, the group H 1 (A/B; H) is trivial. Let T be the subset of R 3 obtained by connecting every pair a, b of different points in Q 3 (Q being the rationals) by a copy X ab of X so that the diameter of X ab is |a − b|. We request that X ab ∩ X cd = {a, b} ∩ {c, d} if {a, b} = {c, d}. 
Cohomological dimension of cartesian products
In 1991, E.Ščepin (private communication) speculated on the connection between dim(A * B) and dim(A∪B). The idea was that there ought to be a similarity between the two expressions. In particular, he conjectured that
This conjecture was partially confirmed by A.Dranishnikov [Dra 7 ]. Namely, he proved that if 
Theorem 5.1 was deduced from the analog of the Urysohn-Menger Theorem in extension theory: (A ∪ B) . In this paper, we reinterpretŠčepin's idea to mean that if there is an estimate of dim G (A ∪ B) using dim G A and dim G B, then there ought to be a similar estimate
Here is an analog of the Menger Theorem in cohomological dimension theory which we obtained using this reasoning:
Theorem 5.2. Suppose X is a metrizable space, Y is a σ-compact metrizable space, and G, H are abelian groups. Then
Proof. Suppose G, H = 0 are abelian groups and dim
We may assume Y is compact. First, let us prove that
, we may assume G = Tor G, H = Tor H. Since each torsion group is the direct limit of its p-groups, and the torsion product commutes with the direct product, we may assume that G is a p-group and H is a q-group for some primes p, q. If p = q, then G * H = 0, and we are done. So, assume p = q. Theorem 22 of [Ku] ), and, since dim Z/p T ≤ dim F T +1 for any metrizable space T and any p-group F (see Section 4 of [Ku] or Theorem B of [ Theorem 22 of [Ku] ), and, since dim Z/p ∞ T ≤ dim F T for any metrizable space T and any p-group F (see Section 4 of [Ku] or Theorem B of [Dy 1 ]), we are done. Now, let us prove that dim G⊗H (X × Y ) ≤ m + n. As in Section 5 of [Ku] , it suffices to show that dim
and in view of
Thus, it remains to consider the case G = p · G.
Case 1: F p is not divisible by p. Since G is divisible by p, H cannot be divisible by p as the p-torsion of G⊗H would be trivial. Thus, the p-torsion of
Case 2: F p = 0 is divisible by p. In this case both groups H k+1 (Y/T ; Z) and G ⊗ H have non-trivial p-torsions which are divisible by p. Since G = p · G, its p-torsion must be non-trivial and
Theorem 5.3. Suppose X is a metrizable space, and Y is a σ-compact metrizable space. Then
for any ring R with unity, and
Proof. If R is a ring with unity 1, then R is a retract of R ⊗ Z R. Indeed, the homomorphism m :
Let G be an abelian group. Since
first for torsion groups, and then for torsion-free groups.
Since Z/p is a ring with unity, the case G = Z/p is taken care of.
for any torsion group G.
Using Theorems 5.2-5.3, we can prove analogs of the Menger Theorem in extension theory (5.4-5.6):
Theorem 5.4. Suppose X is a metrizable space, and Y is a σ-compact metrizable
Proof. We may assume Y is compact. Choose points
By Theorem 1.28 and Lemma 4 in [Ku] 
Finally (see Section 4 of [Ku] 
Proof. Since both K and L are connected, we may assume that their 0-skeleta consist of single points k and l. Now, the smash product K∧L has no 1-skeleton, and is simply connected. By Theorem 5.4 and Theorem 
and
If both K and L are connected, this follows from Theorem 5.5. Assume K is not connected. In this case S 0 ∈ AE(X), and any CW complex is an absolute extensor of X (see [Dra 4 ]). Without loss of generality we may assume that K is a simplicial complex with the weak topology. Since 
Proof. It suffices to consider the case k = 1. First, assume Y is compact. Let {V i } be a countable basis of Y . Suppose X is a metrizable space. Notice that dim G (X × Y ) ≤ n is equivalent to H n+1−j (X, X − U ; H j (Y, Y − V i ; G)) = 0 for all i, j and all open subsets U of X, which is equivalent to dim H j (Y,Y −Vi;G) X ≤ n − j for all i, j (see Section 5 of [Ku] ). Given j ≤ dimY , and given n ≤ m, let G(n, j) be the direct sum of all the groups H j (Y, Y − V i ; G n ), i ≥ 1. Choose a closed subset T of W such that dimT = dim Z T = dim Z W − 1 = dimW − 1, dim Gi T = dim Gi W − 1 for i ≤ m, and dim G(n,j) T = dim G(n,j) W − 1 if dim G(n,j) W > 1. Notice that if dimY = n and dim(W × Y ) = dimW for some separable space of dimension greater than n, then Corollary 5.9 implies the existence of T closed in W such that n + 1 = dimT = dim(T × Y ). Also, notice that if dimY = dimW > 0, then dim(W × Y ) ≥ dimW + 1 (see [Ku] , Corollary on p.38).
